This paper presents the recursive asymptotic hybrid matrix method for acoustic waves in multilayered piezoelectric media. The hybrid matrix method preserves the numerical stability and accuracy across large and small thicknesses. For discussion and comparison, the scattering matrix method is also presented in physics-based form and coherent form. The latter form resembles closely that of hybrid matrix method and helps to highlight their relationship and distinction. For both scattering and hybrid matrix methods, their formulations in terms of eigenwaves solution are provided concisely. Making use of the hybrid matrix, the recursive asymptotic method without eigenwaves solution is described and discussed. The method bypasses the intricacies of eigenvalue-eigenvector approach and requires only elementary matrix operations along with thinlayer asymptotic approximation. It can be used to determine Green's function matrix readily and facilitates the trade-off between computation efficiency and accuracy.
Introduction
For many years there has been considerable interest in the study of acoustic wave propagation in multilayered piezoelectric media. Many techniques have been developed for analysis of such media, including transfer matrix method [1] , impedance/stiffness matrix method [2] [3] [4] , scattering/reflection matrix method [5] [6] [7] and hybrid matrix method [8] . A comprehensive review of these methods has been provided in [9] along with their variants, numerical stability, computational efficiency, usefulness and deficiency. Since the transfer matrix method becomes unstable toward large thicknesses, while the impedance matrix method is inaccurate toward small thicknesses, they are not to be discussed further below. On the other hand, owing to their numerical stability and accuracy, both scattering and hybrid matrix methods deserve to be exploited further as mentioned or demonstrated in some recent works [10] [11] [12] . In particular, the scattering matrix methods so far have been presented more in physics-based form (in terms of reflections and transmissions), which has motivated the unified matrix formalism in [10] . However, with the unified formalism therein, it is still not clear about any relationship or distinction with hybrid matrix method.
Moreover, most matrix methods thus far rely on the eigenwaves solution in their basic building blocks. Since eigensolver often takes substantial computations, it is useful to consider other methods without the need for eigenwaves solution [9] .
In this paper, we present the recursive asymptotic hybrid matrix method for acoustic waves in multilayered piezoelectric media. The method is extended from the non-piezoelectric case [8] and exploits the hybrid matrix which preserves the numerical stability and accuracy across large and small thicknesses (instead of stiffness matrix [13] that may become inaccurate). For discussion and comparison, we also present the scattering matrix method in physics-based form and coherent form. The latter form resembles closely that of hybrid matrix method and helps to highlight their relationship and distinction. For both scattering and hybrid matrix methods, their formulations in terms of eigenwaves solution are provided concisely. Making use of the hybrid matrix, the recursive asymptotic method without eigenwaves solution is described and discussed. The method bypasses the intricacies of eigenvalue-eigenvector approach and requires only elementary matrix operations along with thin-layer asymptotic approximation. It can be used to determine Green's function matrix denote those for incidence from layer f +1 to f. These matrices can be derived directly in terms of the eigenwaves of both layers as
Based on the local interface scattering matrix, one can determine the scattering matrix for additional layers (one at a time) of a stack using certain recursive algorithm. In particular, consider the downward-bounded waves incident from layer f +1 toward layer 0. The stack reflection and transmission matrices, 
1,0 ,
Likewise, the stack reflection and transmission matrices 0, 1 f  r and 0, 1 f  t for incidence of upward-bounded waves from layer 0 toward layer f +1 can also determined via recursive algorithm:
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The form of (13)- (16) facilitates the physics-based description of wave multiple reflections in the stack of multilayered media.
As an alternative, it is instructive to define the matrix relating the wave amplitude vectors in the form
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Such matrix has been denoted as layer-interface scatterer [9] , since it combines the layer scatterers ( )
with interface scattering matrix as 11 12 21 22 , 1
To be in coherent form, the stack scattering matrix 
In terms of such stack matrix, (13)- (16) 
Equations (21)- (24) constitute the recursive algorithm of the so-called generalized total scattering matrix of [10] . In essence, they represent a full matrix variant of algorithm A3 in Table 1 of [9] .
It can be analytically shown that f H is still numerically stable even when the layer thickness tends to infinity or zero. Indeed, assuming at least slight loss as in practice, when the layer thickness tends to infinity, i.e. 
On the other hand, when the layer thickness tends to zero, it is evident that (
with 0 f h  , thus the hybrid matrix in (26) becomes 11 12
Therefore, the hybrid matrix preserves the numerical stability and accuracy across large and small thicknesses.
For multilayered media, the stack hybrid matrix To illustrate the usefulness of recursive asymptotic hybrid matrix method, let us consider a ZnO/ diamond/Si structure at 2 GHz. The thicknesses of ZnO and diamond layers are 1.2 and 10 μm respectively, while Si substrate and vacuum are assumed semi-infinite. For analysis of surface acoustic wave (SAW) on such structure, one can derive the generalized Green's function matrix G defined by
racy, although this may not be needed in many cases (e.g. when material data is not that accurate). In general, the computation efficiency is improved for lower accuracy required and also for thinner layer with fewer geometric subdivisions. Therefore the method provides a very convenient way that facilitates the trade-off between computation efficiency and accuracy. Note that the efficiency improvement here is meant for every layer and one will gain substantial savings in the total computation time when there are many layers in the stack for modeling inhomogeneous media. Moreover, the method is very useful for being simple enough since it does not require any eigenwaves for all layers (even semi-infinite substrate). Thus, it may be applicable even when the eigensolver package is not readily accessible, such as on light-weight multi-thread processors (e.g. GPUs).
Conclusions
This paper has presented the recursive asymptotic hybrid matrix method for acoustic waves in multilayered piezoelectric media. The hybrid matrix method preserves the numerical stability and accuracy across large and small thicknesses. For discussion and comparison, the scattering matrix method has also been presented in physics-based form and coherent form. The latter form resembles closely that of hybrid matrix method and helps to highlight their relationship and distinction. For both scattering and hybrid matrix methods, their formulations in terms of eigenwaves solution have been provided concisely. Making use of the hybrid matrix, the recursive asymptotic method without eigenwaves solution has been described and discussed. The method bypasses the intricacies of eigenvalue-eigenvector approach and requires only elementary matrix operations along with thin-layer asymptotic approximation. It can be used to determine Green's function matrix readily and facilitates the trade-off between computation efficiency and accuracy.
